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Short-wave oscillations of shells located in a certain sufficiently narrow bound-
ary region, are investigated, An asymptotic integration procedure is constructed,
by analogy with the methods presented in papers [1, 2], Attention is paid mainly
to the natural oscillations of shells, but forced oscillations are also considered at
the end of this paper, The region of the oscillations here investigated is arbitra-
rily divided in two parts: one low frequency and the other high frequency, The
equation of the first approximation for high frequency oscillations is the simplest,
therefore this equation is considered first of all and the asymptotic procedure of
integration is constructed; afterwards this method is generalized for low frequen-
cy short-wave oscillations of shells,

1, In this paper the oscillations are considered to be short-wave, if they are defined
by the equations of a rapidly varying state of stress, Moreover, the so-called quasitrans -
verse oscillations are considered when in the equations the inertial terms relating to tan-
gential displacements, are discarded, With these assumptions the equations are written
in the following form (using here the notation from the monograph [3]):

REAw—E R A e —Mw =0, A =pEle*Eh A w+ (1.1)
Atc =0, h? =h?[3(1 — 0], A =B, (Bd.) +
A9, (A8g), 0, = A7 /0o, 05 — B0/ 0p

Ay= B9, (BR,0,) + A5 (AR,™ d,)

It is assumed that the system of coordinates for the middle surface is referred to the prin-
cipal lines of curvatures and the boundary is represented as a smooth convex line without
corners (convexity condition will be considered later); the middle surface must be suf-
ficiently smooth, Oscillations with frequencies satisfying the inequality

A > max (R}, RyY (1.2)
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in the whole region will be considered as high frequency oscillarions, In this case we
neglect those terms of the system which contain the radii of curvatures, Hence, construc-
ting the first approximation we obtain the equation

A APw — Ay =0 (1.3)

We note that the applied simplifications are entirely valid and the approximate solu-
tion, if required, can be made more exact within the given asymptotic error, using the
known procedure, Here only the first approximation will be constructed, The oscillations
defined by Eq, (1, 3), are denoted in [4] as the quasitransverse oscillations of a large vari-
ability ; nontangential boundary conditions are used for them (tangential conditions on
the boundary are not taken into account in the first approximation),

Let us consider three most widely used forms of nontangential boundary conditions :
hinged support, rigid clamping and free edge, In the case of a hinged support on the
boundary, the perpendicular sag of the shell and the moment are equal to zero, These
conditions are reduced to the following ones:

w == d,%w == 0 (1, 4)
For rigid clamping
W = 0n'w — 0 (1' 5)
For a free edge
B 02w+ 002w =0, 8, 10,2w -+ (2—0)d2wl =0
Equation (1, 3) can be expressed by two equations
Awy — hpgwoy =0, Aw, + hpgwy, =0, Apg =2 (1.6)

It is not difficult to see that in the case of a hinged support, it is sufficient to integrate
the second equation for the boundary condition w — (). The remaining second condition
of (1, 4) is satisfied automatically in conformity with the equation, The problem (1, 5),
as it will be shown later, is also reduced to the integration of the second order equation,
i,e, of the second equation of (1,6), It gives the oscillating integrals and we shall pro-
ceed with their construction, We shall consider the oscillations located in a sufficiently
narrow boundary region of the shell, We express the equation in the coordinates (s, n),
where s is the length of the boundary arc, n is the arc length of the middle surface
curve, orthogonal to the boundary

Aw—+ hpse(n,s)w =0, A =a(s,n) o>+ b(s, n)d,? (1.7)

Here only the terms with higher derivatives are retained and for purpose of generalization
the coefficient ¢ is added which does not complicate the mathematical operations, By
introducing this coefficient,we facilitate a further generalization of the method for exa-
mination of low frequencies and,in addition,it can characterize a variable density or
rigidity of the shell,

In conformity with [2] we construct the solution of Eq, (1,7) in the form

W o— v (]Jg"‘ 11}) eip® (1. 8)

where @ and V' are the unknown functions, p is the unknown larger parameter deter-
mined by the natural frequency (it is specified in the problem of forced oscillations), and
v is the Airy function satisfying the equation
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v (x) —a2v =0

It will be necessary to use here the following asymptotic properties of the Airy function

v(—x>1)=ax"sin (—‘;— x4 —ZL) (1 + O (=)

v (23>1) = o texp (— a2t (L + O (c)
We note that in [2] the Helmholtz equation has been considered for the region bounded
by a convex curve, The integration procedure was constructed assuming that the caustics
from the Helmholtz equation in [2] are known (caustics are the lines which have the
following property: a ray leaving the caustic tangentially and reflected from the bound-
ary according to the law of equality of the incident and reflected angles, returns tangent-
ially to the caustic), The method suggested in this paper does not assume that the caus-
tics are already known, they are found during the solution procedure ; moreover, the me-
thod is generalized for equations with variable coefficients,

We substitute (1, 8) into (1, 7) and reducing the exponential factor we obtain
P2 P (V)2 — (V O] v — 2ip* o (VEVD) + ipv AD +
pz/s v’ A\F + 7\,pq cCU = 0

V=Vasd, +Vbna, (V¥ VD) =a¥, D+ bV, Dp
Here A, are the natural frequencies, Taking into account that the functions v, ¥’
are linearly independent, we obtain
P2V (VP — (VD] + ip AD -+ Apgec =0
2ips (V¥, VD) + p» AY =0
We find the functions @, { and the natural frequencies },, in the form

= N Dp, =D, Fip, Apg=p A mpt+ Depix (1.9)

Substituting these sums into the preceding equations and equating coefficients of equal
powers of p, we obtain a recurrent system of equations

Yo (VF)? — (VDy)* + ¢ =0, (V¥,, V@) =0 (1.10)

Wi (Vo) + 2%, (VE, V) — 2 (VD,, VD,) + x_; = F,

(VCDO, V}Fl) + (V“P‘O, V(Dl) = Gi
Here only the first pair of equations defining the functions 'ty and @, is nonlinear,
The right-hand sides of the following pairs of equations are known functions if the solu-
tions of the preceding equations are known, The boundary conditions for the functions

@ and ¥ follow from the conditions for the function . In the case of the problem
(1, 4) we have

pg/,"F(s,n :O) :tq, q:O, 1, 2, ey [p(D] :2nj'|:, n>1
where ¢, are the roots of the Airy function; the square brackets denote the increase of

the function as a result of passing along the boundary of the region, Replacing the func-
tions ¥ and @ by their expansions, we obtain

Wy =tgp, ¥y =0,i=1,2,3, ..., [M]=2 nnp™, [O;] =0
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In the problem (1.4) the function V" has a constant value on the boundary, This facili-
tates essentially the construction ot the functions ‘¥'; and @;. The boundary conditions
for all approximations, beginning with { = 1, are homogeneous,

Let us consider the conditions for a rigid clamping (1, 5). We construct the solution
for the system (1, 6) transformed to coordinates (n, s) in the form

w; = Fepf7 Wy = v (p’/s 11)’) ein® (1,11)

The equations for the functions ¥ and (@ are written above, The equations for the
first approximation of the functions f and #, if they are sought in the form of expan-
sions (1, 9) are the following:

(Vi —c =0, (V/, VF)+FyAfy, =0
f:Zfip_i’ F = ZFl.p—i

Substituting (1,11) into (1, 5), we obtain on the boundary the equalities (postulating tem-
porarily that v (p*s ¥') is a slowly varying boundary function)

fo = iy, f; =iDy, v(pY)+F = 0 (1.12)
ip(D,n _*‘ pz/"a \F’nv’ + pf’n F + F,n, = 0

The boundary condition defines two functions of f. We choose the one for which the
function w rapidly decreases with distance from the boundary to the region’s interior
(the rapidly increasing component of the solution is discarded), The boundary value of
the function ¥ is small because the width of the boundary region is small, Then accord-
ing to the second equation of (1,10) the product ¥, @ , must be small, The assump-
tion that the derivative W', is small must be discarded since the known solution for the
circle with @ = b = ¢ =1 does not result from the general solution, Essentially, the
suggested method is based on the fact that the form of the solution is guessed by compar-
ing with the standard solution for the circle, As a result, we obtain thatthe function D,
represents a small value on the boundary and can be neglected in the third equation ot
(1,12). Now equating for the boundary conditions (1,12) coefficients of the same powers
of p, we obtain the following equality ¢ (p*s ¥') = 0 ; hence, in this case the boundary
value of function ¥ is also equal to the value ¥ = {4 p~. The assumption that the
derivative @ ;, is small on the boundary now becomes a fact that on the boundary this
derivative is equal to zero,

Analogously, it is proved that in the case of a free edge the first approximation of the
function ¥ isequalto W' — ¢,/ p~*s, where ¢’ are the roots of the function »’. The
next approximation of the boundary values of the unknown functions are obtained by a
successive writing-out of the boundary conditions in a recurrent system of conditions and
equating the coefficients of the same powers of 2-

2., We construct the solution of the first two equations from (1. 10) (for simplicity the
indices of the zero-order approximation are omitted)
¥ (a¥ 2+ bY )2 — (a®,® + b %) + ¢ =0 (2.1)
av o, + %Y O, =0
Yis,n =0) =eg, (D] =2 nap™!



Investigation of short-wave oscillations of shells 323

Here one of the two values ¢4 p~, t,p~": is denoted as a small value of &, As the
solution has to be found for a narrow strip n < 1, we construct the functions ¥ and
@ in the form of the Taylor expansions with respect to the coordinate n

V=D Wi, O =D O (2.2)
0 0

where Y'; and (D; are functions of the boundary arc,
It follows from the first boundary condition and the second equation of (2, 1), that

¥, —e, @ =0, ¥, =0

Substituting (2, 2) into (2, 1), after expanding the coefficients into series with respect to
n and equating the coefficients of the same powers of 1, we obtain a recurrent sequence
of equations, We write here the equations determining the approximations ¥';, @;,
i=0,1,2

gb W2 — a, Dp, + ¢y =0

g (4b, T, W, 4 b ¥2) + b,¥? — a;@ps + ¢, =0

agW,iPo,s + 20,F, Dy =0

e (ag'Vh s 4 4byV,2 + GbW Wy + 4b VW, + 0,12 +

bWt 1, -+ b3 — 2¢,D, Dy, — a,Df  — 4byD,2 + ¢y =

”o'ﬁ"z,s(Do,s + ("1lfn1,s®n,s + 3b, ¥, ¥, -+ 4by 1,0, - 2b11F1(D2 =0
a= z ant, b= 2 bnl, ¢ = Z cnt
1] 0 [

There is one arbitrary function (Mg, or ¥,} in the system, the other functions are
determined by it, As a small parameter ¥, = ¢ is present in the equations, we expand
the required solutions in the asymptotic sums

®; = Z ®ij8j7 Y, = 2 \Fiisj (2.4)

=0 =0

(2. 3)

Substituting these sums into system (2, 3) and equating coefficients of the same powers
of &, we obtain a new recurrent system of equations, We present the equations for the
first three approximations W4, ¥;0, i =0, 1, 2

— ag®s +co =0, by¥13 — a, D%+ ¢; =0
2b9¥10Dg0 + a9¥10,8P00,s =0
bW Wy + 5;¥10° — 2000 Dyy s — a, D% s — 4b Dy +- €= 0
3b,¥10P30 + a0W20,DP00s + @3 WV10.8Dp0,s + 464V 50Dy + 25, WDy =0
The equations for the second approximations ;,, ¥;,, i =0, 1

boWiod — 2aDgy,Dgy,s =0

4b W10 Wao + 51102 + 30T 0¥ — 2a,Dyo,sPo1,s =0

a0 (F10,Po1,s + V11,8Po0,s) + 206 (V10Doy + W Pg) = 0

The equations for the third approximations ‘¥';5, Mgy
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2 W v . f
- ao(Doo,scDm,s — ay Dy 1 bWy = 0

3b01{f102y12 + 3[)O\Iﬁlo\lfuz + 4l?0 (\FIO\FQI -+ IP'anzo) -
2010y — a4 ((Dgl,s + 2djgo‘s(puz,s) =0

We write the following approximations:

1

S —
‘ co . 1 €o "
— il \ — | — =
(DOO — ‘\/ V o dS, ¥ 10 [bn (a1 by 1 )]
So

R ST
Gy =\ ———ds
Doy S 2a0Duo, g

So
Substituting the function @ into the second boundary condition (2, 1), we obtain the
equation for determining the parameter p and the first approximation for the natural

frequency , ‘ 1
pona (V) 2as)
R

To construct the natural frequency with an acceptable accuracy when in the neighbor-
hood there is no other natural frequency within the range of error of determination, it is
necessary to construct the second approximation for the expansion (1, 9), i.e. to find %,
from the condition [M;] = (). In this case Ay, , the error of determination is of the
order O (p~1), i.e, essentially smaller than the average interval between the eigen-
functions which is of the order of O (1). To construct the further approximations to the
natural frequencies of oscillation of shells, the equations quoted here are not sufficient,
and more elaborate equations have to be used, Therefore we limit ourselves to the first
approximation only,i,e, we define the frequencies with an error of O (1).

We note that the oscillations located in the boundary zone are not possible in every
region of the shell, It is not difficult to show that the condition

by (alz_z—cl)>0 (2.5)
must be satisfied on the boundary,

If this inequality is not satisfied, the eigenfunctions cannot be constructed in the form
(1. 8). This condition is a generalized condition of convexity of the boundary curve in
the problem for the Helmholtz equation on a plane [2], Let us consider the line onwhich
the argument of the Airy function vanishes, ¥ —= (). This line separates the region of
the shell, where the solution rapidly oscillates (¥ <C 0) from the region (¥ > 0) in
which the eigenfunctions rapidly decrease with the distance from the line, This line
belongs to the family of so-called caustics, If we limit the expansion (2,2) to two terms,
the caustic is defined by the equation

n=Y¥- Y,=¢ Y=V, ¥,
Let us consider some properties of the functions @, ¥ in the caustic’s neighborhood,

We transform Eq, (2, 1) into the coordinate system (T, v), where T is the length of the
caustic arc, v is the distance along its normal, It follows from the equations that

Y0, D2 = cal, D, =0

Differentiating the first equation of (2,1) with respect to v and substituting the values
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of the functions obtained, we find that on the caustic

3 _1 c _1 Co
=g (ang—an) =g (af —a)

a

where a;, b;, ¢;, i = 0,1 are the coefficients of the functions a, b, ¢ expanded in
Taylor series with respect to v in the neighborhood of the caustic, The limitation(2,5)
concerning the form of the boundary is also valid for the caustic,

Introducing a system of coordinates formed by the family of t-lines, where ¥ = const,
and the family of v-lines orthogonal to t-lines, the solution of the system (2, 1) obtains
the form < — 3 ¢ "

o= () 2Dar, wh— LA CREA

To 0

Formally, a separation of the coordinates takes place in this system, the function @ de-
pends only on T, while ¥ depends only on v.
Let us show the relation between the system (2, 1) and the eikonal equation, If we in-
troduce the substitution s
=0 — 2, (— ¥y, S- =@ + Y (— W) (2.6)
the system (2, 1) is reduced to the equations
(V82 = ¢ (2,7

The problem would be reduced to these equations (really to one equation), if the solution
was constructed not in the form (1, 8) but in the form

w = Feirf

3, Now let us consider the range of medium frequencies quasi-transverse oscillations
of great variability when the frequencies are of the order of maximum of the principal
curvatures of the middle surface, but exceeding this maximum, In this case the state of
stress is defined by Eqgs, (1,1), Limiting the examination to the first approximation, we
can neglect in these equations the terms with lower derivatives, Then, the system is re-
duced to one equation

h2A% + A2w — M2A%w = 0

We construct the solution in the form (2,10)
w= Fe?/, A =hry+pth+..., p=4n' (3.1)

As a matter of fact, variability of the solution of Egs, (1, 1) is specified, i, e. the parame-
ter p is known in this case, The asymptotic procedure of integration for the solution in
the form (3,1) is presented in [5—7], Unlike in these papers we have here oscillating integ~
rals, i, e, there are purely imaginary solutions for the function f.

As before, we shall examine the oscillations located in a sufficiently narrow boundary
zone, We transform the equation to coordinates (s, »), assuming for simplicity that the
boundary coincides with the line of principal curvature, The first approximation of the
function f satisfies the following equation (we omit the index zero):

(V2 + (VN — A (VHE =0 (3.2)
(VI = af 2 + bf.2 (V)2 = af.2 -+ bist
a=A"2 b=B"2 ¢ =A2R,"!, b = B-2R"



326 G.N.Chernyshev

It was assumed in [5 — 7] that the function f on the boundary is specified, In the eigen-
value problem the boundary value is not specified, it must be determined, Equation
(3.2) has purely imaginary solutions which in this case are the fundamental ones and
have to be constructed first , The remaining real and complex integrals are defined by
the boundary values of the imaginary solution, as the function f (1.12) was determined
in Sect, 2,

We construct the imaginary integrals of Eq, (3, 2) using the substitution (2, 6) which
allowed Eq, (2, 7) to be replaced by the system (2, 1), which is convenient for construct-
ing the solution in the form of series

=@y (= ) (3.3)
Substituting (3, 3) into (3, 2) we obtain the following two equations for the functions ¢
and ¥ i N 5 s
Lyt 4 6Ly2L,% + Ly* + Ly + L% — Ay (L 4 Lo =0
2L, Ly (L* + L)) + Ly Ly — MLy Ly = 0
L, = (VO — ¥ (V¥)*, L, :=2(— ¥): (Y, V@)

The functionals L, L,’ are obtained replacing the operator V by V, in the function-
als L;, L, . The boundary conditions for the functions (0 and ¥ have the form (2, 1),
i.e, they are like those in Sect, 2 (it is obvious that the derivation of the conditions
(2.1) is generalized for the problem considered here), As previously, the value of the
function ¥ is small on the boundary,

We find the functions @ and ¥ in series form (2, 2), the coefficients @, and ¥; of
which we express by the asymptotic sums (2, 4), Substituting, as described above, the
series into the equations and equating the coefficients of like powers of . and of the
parameter p, we obtain a recurrent system of equations, We cite the equations only for
the first approximation (the other equations are not given here as they are somewhat
cumbersome ; they have the structure of the equations presented in Sect, 2):

Py e, O = 0, ag'dy - (6" — A2y, == 0

00,5
2agar Do -+ (2690, ' Dyy ¢ + byagDy , — Aobyao) Vg -
1’0" D s — hotga, D, == 0
Discarding the zero roots in the equation for @, . , we obtain
' Dy~ hoag? — a2 (3.4)

It has been assumed above that the frequencies under consideration exceed in value the
principal curvatures of the middle surface in the whole region, In this case the rightside
of Eq, (3, 4) exceeds zero and consequently, there are two pure imaginary solutions

a2 @y s = — (Aoae? — agd)t? (3.5)

We note that it is possible to reduce somewhat the constraint on the values of the fre-
quencies and to require that they exceed the principal curvatures only in a certain boun-
dary region which exceeds dimensionally the oscillation zone of the eigenfunctions,
The limitation (1, 2) can also be relaxed in that the inequality has to be satisfied in the
neighborhood of the boundary, The equation of the first approximation ¥, of the func-
tion ¥ can be represented in the form
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oYl =9y, p= 2b0a03¢)30,s + booaod)go,s — hoboay
Y = 2“0301(Dgo,s + (ao°a,” — A'oaoal)cbgo,s

Hence, it is obvious that the coefficients of Eq, (1,1) and the boundary must be such that
the function ¥, differs from zero (yp~* > 0). This condition represents a generaliza-
tion of the condition (2, 5), Only by satisfying this inequality, the iteration procedure for
constructing the following approximations is possible and convergent,

The first approximation for the natural frequencies is determined from the periodicity
condition of the function w with respect to the boundary

p S(Doo’ st = 2nn
r
Substituting the value of p from (3,1) and D, from (3, 5),we obtain the following

equation for A, ¢
IS%'I (Mao® — ao® ?)lds = 2nahs

As in Sect, 2, the first approximation for the natural frequency does not depend on the
exact form of the boundary conditions, the influence of which appears in further appro-
ximations,

The boundary of the oscillating zone is defined by the equation ¥ = 0, the first ap-
proximation of which has the form: n = — ¥, ¥,

Beside the oscillating part of the solution, three other solutions of the form (3,1),rapid-
ly decreasing with the distance from the boundary, take part in satisfying the boundary
conditions, The functions f in the index of the exponent, are constructed from Eq, (3,2)
with respect to the boundary value f, == i®, where (@ is defined by the formula (3, 5),
These functions participate in the iteration procedure, starting with the second step, We
note that the question of constructing the function f is considered in detail in [, 7].

The problem of forced oscillations of shells with rapidly oscillating boundary condi-
tions is solved in the following manner, An integration method for the differential equa-
tions with rapidly oscillating boundary conditions was worked out in [6, 7] for the case
when all integrals (3, 1) decrease with the distance from the boundary, This method is
applied to the problem of forced oscillations with the following alterations, According
to the method suggested above, the functions f which are pure imaginary, are found for
specified boundary values, The integration procedure shows whether the given frequency
coincides with the natural one, If there is no coincidence, the integration is performed
within the required asymptotic accuracy,
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FRACTURE MECHANICS OF PIEZOELECTRIC MATERIALS,
AXISYMMETRIC CRACK ON THE BOUNDARY WITH A CONDUCTOR

PMM Vol, 39, N2, 1975, pp,352-362
B. A,KUDRIAVTSEV, V, Z, PARTON and V,I, RAKITIN
(Moscow)
(Received July 4, 1974)

A condition is formulated which is the generalization of the fracture variational
principle in piezoelectric media, In some cases such a representation of the frac-
ture condition, which permits the determination of crack development in a piezo-
electric material, turns out to be preferable to the analogous condition obtained
in 1],

The problem of a disc-shaped crack developing on the boundary between a
piezoelectric ceramic and an elastic isotropic conductor is considered as an
illustration,

1, Variational principle of the fracture mechanics of piezo-
electric media, The stress components 0;; (i, j = 1, 2, 3) and the components
of the electric induction vector of a piezoelectric medium satisfy the equilibrium equa-
tions and the Maxwell equation in the statistical case

03. .
Y0, ‘ﬂ_~0 (1.1)

In Cartesian coordinates referred to the crystal-physics axes, for a piezoelectric medium
2
=] G5 = cﬁ'h‘l By — €ijp By 1.2)
D; = ey + ey Ey (i, kL =1,2,3)
Here ciEjm are the elastic moduli of the medium, e;;, are the piezoelectric moduli,
&;x are the adiabatic dielectric constants, E) are the electric field strength compon-
ents, and &, are the strain tensor components,

To derive the condition governing crack development in a piezoelectric material, let
us examine a number of possible body states just as in [3, 4], Suppose there is no crack
in the body in State 1, and external loads and an electrical potential ¢ (£, = d¢/0xy)
is specified on the body surface S, The stresses 0,y the displacement vector u;,, the



